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Lecture 1. Fluid mechanics as a science

Figure 1.4 Leonardo da Vinci (1452-1519)



Figure 1.5 Ornithopter’ wings of Leonardo da Vinci
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Figure 1.6 Sketches from Leonardo da Vinci's notes
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Figure 1.8 Isaac Newton’s model of fluid flow in the year 1687. This model was widely
adopted in the seventeenth and eighteenth centuries but was later found to be conceptually
inaccurate for most fluid flows:

1 — rectilinear stream of descrete particles; 2 — upon impacting the body, the partiles give up
their momentum normal to the surface, and travel downstream along the surface.
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Control questions

1. What do you know about fluid mechanics in everyday life?

2. What was the beginning of fluid mechanics?

3. How did fluid mechanics begin to take shape as a science in the middle of the 15th cen-
tury?

4. What contribution did I. Newton to fluid mechanics?

5. What contribution did Euler and Bernoulli make to fluid mechanics?

6. What contribution did ME Zhukovsky, S.O. Chaplygin and DI Mendeleev in fluid me-
chanics?

7. What do you know about laminar and turbulent flow?

8. What do you know about the development of the doctrine of vortex motions?

9. What components are divided fluid mechanics on?

10. What is the principle of conservation of motion for a fluid?

11. What is the connection between the theory of fluid mechanics and experiment?

12. How is the knowledge of fluid mechanics applied in the design of flying machines?



Lecture 2. The Relevant Properties of a Fluid
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Figure 2.2 For calculation of internal friction tangential stresses

t=p dv/dn
v=pu/p.
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Fig. 2.3 Viscosity & temperature:
1 - drip liquid, 2 - gas

Figure 2.4. To determine pressure
1 - force; 2 - area

Fig. 2.6. Pressure

p=P/A

AP _dp.
AA dA



Fig. 2.7. Uniform transfer of static pressure in all directions

Table 2.1 Conversion of pressure units

Name of unit Unit Conversion

Pascal Pa 1 Pa=1N/m’

Bar bar 1 bar =0.1 MPa
Water column metre mH,0 1 m H,0 =9 806.65 Pa
Atmospheric pressure atm 1 atm =101 325 Pa
Mercury column metre mHg 1 mHg = 1/0.76 atm
Torr torr 1 torr = 1 mm Hg
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Fig. 2.8. Temperature

Fig. 2.9. To determine the density

vy=G/V.
G=mg:y=G/V=mg/V=pag.

s = p/pw.
v=1/p



Po: Ap = pu/ po.
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Fig. 2.10. Influence of humidity on air density: 1 - dry air (high density), 2 - humid air
(lower density), 3 - water vapor

Fig. 2.11 Weight has a direction and is measured in Newtons:
1 -rods: 20 n, 2 - aircraft: 250 n, 3 -air: 1 "x 1" x 60 miles=1.47n, 4 - 60 km, 5 -29.92 ",
6 - mercury: 1" x 1" x29.92"=1.47 n, 7 - the center of the Earth

Fig. 2.11 Weight:
1-30kg,2-20kg,3-10kg, 4-10kg

It is accepted as initial conditions for the standard atmosphere:

« for the troposphere (at # = 0.0065 deg/m) H, = 0 (from sea level), T = 288 K, po =
1.013 MPa, po =1.225 kg / m3;

» for the stratosphere (at ## =0 deg/m) Ho = 11000 m, T =216 K = const.



1. Troposphere (for altitudes up to 11 km);

p/py=(1- H/44300]™; A=p/p,=(1~ H /44300]***
p=1,225(1~ H /44300 )**°
2. Stratosphere (for altitudes over 11 km).

H-1100

p=0,0371e %

Control questions

. In what three main forms can matter exist? What causes these forms?

. What is a fluid from a mechanical point of view? What laws does fluid obey?
. What does the assumption of mass conservation and continuum mean?

. What is the essence of the continuity hypothesis?

. What are the basic physical properties of a liquid?

. What is it compressibility and what is a measure of compressibility?

. How are calculated the tangential stresses?

. What is viscosity and how does viscosity depend on temperature?

. What is it pressure and from what factors and how it depends?

10. What is it such a physical quantity as temperature?

11. What is it the dencity of a substance?

12. What is it the International Standard Atmosphere and why is it needed?

O 00 IO\ DN K W —



Lecture 3. Fundamentals of hydrostatics

Fig. 3.1 Scheme of action of surface forces
p=F/S.(3.1)

p1dA]: pdAsmO
pszz = pdA cosO + dAldAng

o

Fig. 3.2 Pressure acting on a minute triangular prism

dA sin 0 = dA,
dA cos 6 = dA,
pi=p2=p

Fig. 3.3 Blaise Pascal (1623-62)

French mathematician, physicist and philosopher. He had the ability of a highly gifted
scientist even in early life, invented an arithmetic computer at 19 years old and discovered
the principle of fluid mechanics that carries his name. Many units had appeared as the units
of pressure, but it was decided to use the pascal in SI units in memory of his achievements.



Fig. 3.4 The prism for Pascal's Law
p,[8xtana)8z — p, (8xseca ) Szsina=0
pi—p2=0
P1=p2
p,6x8z — p,(8xseca |6zcosa — W=0
W=pg|(6x ) tanadz /2

D3~ Dy~ %pgtano«‘iz: 0
p;—p,=0

P1=P,=P3
Fz :Fl AQ/A1
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Fig. 3.5 Hydraulic press
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Fig. 3.6 Pressure reference systems:

a - pressure scales; b - relationship of absolute and excess pressures; B - relationship of
absolute pressure and vacuum pressure

I — Pabs; 2— Pexc; 3— Pa; 4 — Pvac; 01 - Oatm; 02 = Oabs

pabs = pa + pexc, (32)
pabs = pa - pvac (33)
pexc =- pvac- (34)
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Fig. 3.7 Absolute pressure and gauge pressure:
1 — 760 mm Hg; 2 — 1 atm; 3 — Gauge pressure (+); 4 — Gauge pressure 0; 5 — Barometer
reading; 6 — Gauge pressure (-); 7 — Absolute pressure; 8 — Absolute pressure; 9 — Perfect

vacuum
Pase = Pa + p ghy



Fig. 3.8 Measurement of excess pressure by a manometer
hy — (Pase - P)/PE = Pran/ PE.
p t pgH =po +p'gH’
P =potpgH'-pgH (3.5)
pi-p2=(p- p'gH)

Fig. 3.9 Manometer
pi-p2=pgH
p1-p:=(p-p)gH’
pr-p=p'gH’
po tpghi = pa +pghy
Po = pa —pg(hi—hz)
Pb = P —pgAh

Figure 3.10 The use of a U-tube manometer:
1 — flexible pressure tube; 2 — tube open to atmosphere; 3 - liquid with density p (frequently
mercury or silicone oil); 4 — U-tube manometer (usually made from glass tubing)
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Fig. 3.12 Diagrams of fluid gauges:

a) U-shaped manometer; b) cup gauge; c) differential pressure gauge.
H=Lsin a

Fig. 3.13 Inclined manometer



Fig. 3.14 Spring pressure gauge:
1 - tube, 2 - scale, 3 - arrow

Mcisasr pressurs -

Fig. 3.15 Bourdon tube pressure gauge

Fig. 3.16 Diaphragm pressure gauge



PEM-C PE-L P

{al Small size Ik For indicating pressure of an engine
Pressun: range (MPal ] 5-20
Hatural frequency (tHz) A 25-40
Respanse frequency (kHz) 4 58

Fig. 3.17 Wire strain gauge type of pressure transducer

Control questions

1. What is the subject of hydraulics? What are the basic concepts and definitions of
hydraulics?

2. What are the two methods of research and solution of technical problems of hydraulics?

3. What issues are considered in hydrostatics?

6. What are the pressure counting?

7. What are the properties of hydrostatic pressure?

8. What devices are used to measure pressure?

9. What are the schemes of the most common liquid manometers and vacuum gauges?

10. What are the features of pressure measuring with manometers?



Lecture 4. The basic equation of hydrostatics.
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Fig. 4.1 Fictitious systems of tangential forces in static fluid
pdA — (p + dp/dz dz) dA — pgdAdz =0
P+ g'sdz

,}

Fig. 4.2 Balance of vertical minute cylinder:
1 - Weight

dp/dz =-pg (4.1)
p= -ngdZ:-ng+C (4.2)
c=potpgz

Fig. 4.3 Pressure in liquid
P=pot(20-2) pg =po+ pgh
Pl =pilpe (4.3)
dz=-dp/g = -1/g po"™/po p"""dp= 1/g po/pe(ps/po) "d(p/po) (4.4)
z =|y'dz= /g n/(n-1) po/ po[ 1-(p/p0)""] (4.5)
p(2)/po =(1-(n-1)/n pog/ps 2)"" (4.6)
pA(2)/po =(1-(n-1)/n pog/po 2)"*" (4.7)

p _ Po _
—=——=R(4.8
pT  poT, 48



T(z)/To = 1-(n-1)/n pog/po z (4.9)
dT/dz =-(n-1)n pog/py To=-(n-1)/n g/R

WY TRy
ERETTHYII.
7 y .

v ¥

Fig. 4.4 Scheme for obtaining the basic hydrostatics equation
pAS-G-peAS=0.
G=Vpg=AShpag.
p=potpgh. (4.10)
2+p/pg=z,+p,/ pg.
z+p/pg=const

po=p-pgh

Fig. 4.5 Body Swimming Scheme:
a - to determine the Archimedean force, b - an example of a stable body position

Fs=po Sr+ G:
Fgi =po Sr+ Go + G, (4.11)
Fs2 =po Sr + Go. (4.12)
F.=Fgi -Fe=G.



Archimedes (287-212 BC)

The greatest mathematician, physicist and engineer in ancient Greece, and the discoverer of
the famous 'Principle of Archimedes'. Archimedes received guidance in astronomy from his
father, an astronomer, and made astronomical observations since his early days. He invented
a planetarium turned by hydropower and a screw pump. He carried out research in solid and
fluid dynamic as well as on the lever, the centre of gravity and buoyancy. Archimedes was
one of those scientists who are talented in both theory and practice.

The Archimedes force formula F=p g V.

P

Fig. 4.6 Equilibrium of a body floating on a liquid surface
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Fig. 4.7 Behavior of a body partially immersed in a liquid
W=VH/V0 100%,

MC :\




Fig. 4.9 Forces acting on a partially submerged body
1 — Gravity; 2 - Buoyancy

Fig. 4.9 Stock of buoyancy
P=v(Vo- Vn),
P=yV,
pF,=dp/dz
pF,dz=dp
pP=potpgH,
p=p-g-h



AL

Fig. 4.10 The Pascal Experience

Fig. 4.11 The pressure at the bottom of all three vessels is the same
F1 :(p0+pgh1)A

Pa * p*o
IEEENEEEER ¥ [+ ¥
A pi+f.9}i1 A — il
hy | ™ — ted

Rl ™ [ o+ ogh
Patogh,

(a) (b)

Fig. 4.12 Cube in liquid

F>= (po+ pgh:)A
F =F,-Fi=pg(h: - m)A = pghd = pgV
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Fig. 4.13 Stability of a ship

Control questions

1

O 03O L B~ W

. What is the fluid pressure at rest?

. How does the pressure at the fluid change at rest depending on the depth?
. What are the properties of hydrostatic pressure?

. What is the basic equation of hydrostatics?

. What is it the law of Archimedes?

. Describe the equilibrium of a body floating on the surface of a liquid.

. What is it the behavior of a body partially immersed in a liquid?

. What is it the buoyancy of a ship (vessel)?

. What is it buoyancy?

10. Describe a liquid in a homogeneous field of mass forces.
11. Describe Pascal's paradox.
12. Why is the ship sailing?



Lecture 5. Flow in pipes

Fig. 5.1 Lead city water pipe (Roman remains, Bath, England)
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Fig. 5.2 Flow in a circular pipe: (a) laminar flow; (b) turbulent flow; (c) laminar flow (flow
visualisation using hydrogen bubble method):
1 — laminar boundary layer; 2 - Laminar flow; 3 — inlet region; 4 — transition flow; 5 —



turbulent boundary layer; 6 - turbulent flow

Laminar flow:

L =0.065 Red computation by Boussinesq experiment by Nikuradse
L =0.06 Red computation by Asao, Iwanami and Mori

Turbulent flow:

L =0.693 Re"“d computation by Latzko

L = (25 ~40)d experiment by Nikuradse

H=AUdv/2g+Cv2g (5.1)
/2 2
E:f2nru%dr (5.2)
0

E’ =nd*/4 v pv*)2
E[1/4ndv p gl =CvR2g (5.3)

Fig. 5.3 Pipe frictional loss
h=A1Vdv2g (5.4)
A =64 wpvd = 64/Re (5.5)

hk
logh

o ¥

Figure 5.4 Relationship between flow velocity and loss head:
1 — transitional region; 2- turbulent flow; 3 - Laminar flow

e<S5vu/v (5.6)



A =03164Re-" (Re =3x 10°~1x 105 (5.7)

A =0.0032 + 0.221 Re**" (Re = 10° ~ 3 x 10°) (5.8)

A = V[2logio(Re VA) - 0.8 (Re =3 x 10° ~ 3 x 10°) (5.9)
A = 0.314/[0.7 - 1.65 logio(Re) + (logio Re)?](5.10)

€ <70v/v= (5.11)
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Figure 5.5 Friction coefficient of coarse circular pipe with sand drains
A=1/[1.74 — 210g:(2€/d)]? (5.12)

u/v« = 8.48 + 5.75 logo(y/€) (5.13)

pghA = 1sl (5.14)

.l 1 r 3 T T T 1 1
oo A [H N o } i ik Y
0. I - 1 11 ! T s
oar b o= S = i i ]
ook |7 ‘-'&'FFQ—- 1 == -
T [ [ e 1:! ] = Ll e
2 | "::_'_"_""" 1 Uy ms
o iSimmmmsibes ~He
e
o - VR SNEima + e
- -y -5 '8 i
(X - 1 X o0y
.“ = : F
| — B Ll .05
[ X+ R
AT ] ErE
- I
ALE — . t -
1 3 eid | 2ay| 5 o =N e
| m=-vmli e RR)|| |7, Y S e
:::! LY ] har] mti.’."_—“
oag LLL 1 11 JH'I'TI Lil R Ll 1 { .
W OE 4 BBIC 2 4 BEN ? 4 $BIC 2 4 BN 1 4 GEM

Re

Fig. 5.6 Moody diagram:

1 — Rough pipe (Eqn. (5.12)); 2 — laminar flow; 3 — transition region; 4 — equation of
Colebrook; 5 — smooth flow (Eqn. (5.9))
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Fig. 5.7 Roughness of commercial pipe:

1 - Steel pipe (commercial) ¢ = 0.05; 2 - Seamless pipe € = 0.0015; 3 - Rivet-jointed steel
pipe €-9.15mm; 4 - £=3.05; 5 - £€=0.92; 6 - Concrete pipe &=0.31; 7 - Cast-iron pipe €=
0.26; 8 - Wooden pipe £=0.92; 9 - Asphalt-coated cast iron pipe € =0.12 £¢=0.18; 10 - Zinc-
galvanized iron pipe £ = 0.1; 11 - Pipe diameter, d (mm)

Figure 5.8 Flow in oblong pipe:
1 — Flow direction; 2 — Section area A

H =1 1/4m v’2g %= f(Re, e/4m) (5.15)

4 ab/2(a+b) = 2ab/(atb) 4 (n/4)(d% — d%)/m(d; — da) = ds — di (5.16)
hy=Cv¥2g (5.17)

b= (vi—v:)? 2g= (1-AJA) 2 v22g  (5.18)

hy = £(vi—wv2)? 2g (5.19)

hy= EviiRg  (5.20)
L=6 (1-AJA)?  (5.21)

he=Evii2g  (5.22)
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Figure 5.9 Outlet of pipe line

vev) (A Y¥i_(1_ }v

2g \A. J2g \C. )29
hy = v*/2g (5.24)
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Fig. 5.10 Sudden contraction pipe:
1 — contraction; 2 — separation region; 3 — section 1, A;; 4 — section 1, A.; 5 — section 1, A,
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Fig. 5.11 Inlet shape and loss factor

Q=™ 280 (525

4
= 1.16+6.250 *% (5.26)
1
C=——
1+5.3/\Jo (5.27)



Figure 5.12 Choke
hy = C(vi - v2)*/2g (5.28)
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Fig. 5.13 Coefficient of discharge for cylindrical chokes: (a) entrance rounded; (b) entrance
not rounded:

1 — experimental values; Chikawa, 2 — Iwanami; 3 — Nakayama; 4 — Hibi, Ichikawa,
Miyagama, 3 — Nakayama

Fig. 5.14 Divergent flow
pl/pg + V12/2g = pz/pg + V22/2g + hs
(p2 - p)/pg = (Vi* - v2')/2g - hy (5.29)
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(P20 - P1)/pg = (Vi* - v2°)/2g (5.30)
1= (p2- p)/(pann - p1) = 1 - h/[(vi* - v2))/2g] (5.31)
7] = 1 - C(V1 - V2)/(V1 + Vz) = 1 - (;(1 - A1/A2)/(1 + A1/A2) (532)

1.2 = !
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od, =0.5in A,:A,=

1
N f ¥d =1.5m Az A=4 1 T
+d, =L0in A;: A=9 1
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Fig. 5.15 Loss factor for divergent pipes

Fig. 5.16 Velocity distribution (a) and separation occurring (hydrogen bubble method, in
water; inlet velocity 6 cm/s, Re (inlet port) = 90°, divergent angle 20°) (b) in a divergent
pipe:

1 - Separation point

he = Gy v2/2g = (C + A Ud) v¥/2g (5.33)

Fig. 5.18 Bend



ha =G vi72g ha=0Gvi2g (5.34)

Figure 5.19 Elbow

ha =8 vi2g ho=0Cvi?2g  (5.35)

Fig. 5.20 Pipe junction
C=t/d (5.36)

Fig. 5.21 Gate valve



Fig. 5.22 Globe valve
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Fig. 5.23 Butterfly valve

Fig. 5.24 Cock

Table 5.1 Loss factor for various valves

Valve Loss coefficients, C
Relief valve h/d 0.05 0.1 0.15 0.2 0.25 0.3
g 3.35 2.85 2.4 2.4 1.7 1.35

Disc valve

e

Throttle area a = ndx

Section area of valve seat hole 4 = nd*/4
When x d/4a=A

Loss coefficient { = 1.3 + 0.2(4/a)’

Needle valve

o
:
i~

bt

a=n(dx tan0/2-x* tan0/2)
Ax =0 when x=0
(=0.5+0.15(A/a)’

Ball valve




gt a=0.757dx
x% (=0.5+0.15(A/a)’

Spool valve At full open positions

.- Ilt | i | C.::3~55
R
h=Vd+30)v2g  (537)
h=(Vd+3C+ 1) vR2g  (5.38)
H=H, +h (5.39)
e | 1
__-_ﬂ
(| L
H (Hy (Haa { ]
>y
e o -
e --1
("]

Fig. 5.25 Storage pump: H total head; H, actual head; H,; suction head; H;4 discharge head;
hylosses on suction s; hy losses on discharge side:
1 — Discharge water level; 2 — Suction water level

L, = pgQH(5.40)
L./Ls=mn (5.41)

Fig. 5.26 Total head and load curve of pump:
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a — valve opening small; b — valve opening large

Control questions
Describe the flow in the inlet region.

1.
. Describe the loss by pipe friction.

. Describe the frictional loss on pipes other than circular pipes.

. Describe the losses in pipe lines with sudden expansion and contraction of flow.
. Describe the throttle in pipe lines.

. Describe the divergent pipe and the divergent flow

. Describe the loss whenever the flow direction changes (bend and elbow).

. Describe pipe branch and pipe junction
9.

0N hn WD

Describe valves and taps.

10. Describe the total pipeline loss.

11. Describe pumping to higher levels.
Recommended literature

10.

11.

12.

Iyrsra B.J., Cinnsap M.M. Tizpoaepomexanika. — K: Bugapuuurso KJTV, 1963. — 479
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Mxurapsin A.M. Asponunamuka. M.: Mammnoctpoenue, 1976.- 446 c.

Kounn H.E., KubGenr WM.A., Po3ze H.B. Teopermueckas rugpomexaHuka. T.1, -
®durmasrus, 1963.- 581 c.

Kounn H.E., KubGenr WM.A., Po3ze H.B. Teopermueckas ruapomexaHuka. T.2. -
®durmasrus, 1963.-727 c.
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Lecture 6. Fundamentals of flow
dx/u=dyv  (6.1)

ol B 4
P LN e
= e —— 3

2

(1] =] [(4]

Fig. 6.1 Lines showing flows:
1 — Shutter opening time; 2 — Streamline; 3 — Dyes; 4 — Balloon
a) Streamline; b) Streak line; c) Path line

Fig. 6.2 Relative streamlines and absolute streamlines:
1 - Movement of body; 2 - Relative velocity; 3 - Absolute velocity
(a) Relative streamlines (b) Absolute streamlines

Fig. 6.3 Stream tube
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Fig. 6.4 (a) Air moves at speed V past axes fixed relative to aerofoil
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Fig. 6.4 (b) Aerofoil moves at speed V through air initially at rest. Axes Ox’ Oy’ fixed
relative to undisturbed air.
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Fig. 6.5 True unsteady flow

u—ulx, y,z) v=vx vy, zt) w =w(x, y, z, t) (6.2)
u—u(x, y,t) v—v(x, y, t) (6.3)

u=u(x,t) (6.4)



Figure 6.6 Smoke from a chimney

Figure 6.7 Reynolds’ experiment
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Figure 6.8 Reynolds’ sketch on transition from laminar flow to turbulent flow:
a) Laminar flow; b) Turbulent flow; ¢) Turbulent flow (observed by electric spark)



Fig. 6.9 Water flowing from a faucet:
a) Laminar flow; b) Turbulent flow

Re =pvd/p =vd/v (6.5)

Fig. 6.10 Osborne Reynolds (1842-1912)

Mathematician and physicist of Manchester, England. His research covered all the fields of
physio and engineering - mechanics, thermodynamics, electricity, navigation, rolling friction
and steam engine performance. He was the first to clarify the phenomenon of cavitation and
the accompanying noise. He discovered the difference between laminar and turbulent flows
and the dimensionless number, the Reynolds number, which characterises these flows. His
lasting contribution was the derivation of the momentum equation of viscous fluid for
turbulent flow and the theory of oil-film lubrication.

Figure 6.11 Deformation and rotation of fluid particles through a narrowing channel



Figure 6.12 Deformation of elementary rectangle of fluid

de; = ov/ox dx dt de, = ou/dy dy dt
d0, = de/dx = ov/ox dt  d0, = dey/dy = -0u/dy dt

®; =d0,/dt=0v/0x ®,=d0,/dt =-0u/dy
o =" (0 + ) =% (0v/0x - 0u/dy) (6.6)
€ = Ov/0x - ou/dy

Ov/0x - 0u/oy =0 (6.8)
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Fig. 6.13 Vortex flow:
a) Forced vortex flow; b) Free vortex flow

¢ =rot V=curl V= [ow/dy — Ov/dz, du/dz — dw/Ox, dvIOx - Buldy]
i 8/0x +j 03y + k 86z



Fig. 6.14 Tornado
Fzgﬁ v;dszgﬁ v, cosOds

_ 3 2 Vs 28 g Ve v @Y 2 ) g — i
dF—udx+(v+ade)dy (u+aydy)dx de_(ax ay)dxdy—(dxdy—ZdA

r=¢v,ds=¢ ¢dA

Fig. 6.15 Circulation



Fig. 6.16 George Gabriel Stokes (1819-1903)

Mathematician and physicist. He was born in Sligo in Ireland, received his education at
Cambridge, became the professor of mathematics and remained in England for the rest of his
life as a theoretical physicist. More than 100 of his papers were presented to the Royal
Society, and ranged over many fields, including in particular that of hydrodynamics. His
1845 paper includes the derivation of the Navier-Stokes equations.

Control questions

1. Describe two methods for studying the movement of flow

. Describe streamline and stream tube

. Describe steady flow and unsteady flow

. Describe true unsteady flow.

. Describe three concepts which are useful in describing fluid flows.
. Describe three-dimensional, two-dimensional and one-dimensional flows.
. Describe laminar flow and turbulent flow

. Describe the Reynolds number.

. Describe incompressible and compressible liquids.

10. Describe rotation and spinning of a liquid

11. Describe the circulation

O 0N L B W
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Lecture 7. One-dimensional flow: mechanism for conservation of flow properties

Fig. 7.1 Mass flow rate passing through any section is constant
p1A1V1 = p2A2V2
pAv = constant (7.1)

Av = constant (7.2)

Fig. 7.3 Conservation of fluid energy
pdAds dv/dt = -dA Op/0s ds — pgdAdscosO
dv/dt =-1/p Op/0s ds — gcos®  (7.3)

dv = ov/ot dt + ov/0s ds



Fig. 7.4 Force acting on fluid on streamline
dv/dt = ov/ot + ov/ot ds/dt = Ov/ot + vov/Os
cos 0 = dz/ds

Ov/ot + vov/0s = -1/p Op/0s + g dz/ds (7.4)
v dv/ds = 1/p dp/ds — g dz/ds (7.5)

v¥/2 + [dp/p + gz = constant (7.6)

v¥/2 +plp + gz = constant (7.7)

Fig. 7.5 Leonhard Euler (1707-83)

Mathematician born near Basle in Switzerland. A pupil of Johann Bernoulli and a dose
friend of Daniel Bernoulli. Contributed enormously to the mathematical development of
Newtonian mechanics, while formulating the equations of motion of a perfect fluid and
solid. Lost his sight in one eye and then both eyes, as a result of a disease, but still continued
his research.

v?/2g + p/pg + z=H = constant (7.8)
pv?*/2 + p/g + pgz = constant (7.9)



Fig. 7.6 Daniel Bernoulli (1700-82)

Mathematician born in Groningen in the Netherlands. A good friend of Euler. Made efforts
to popularise the law of fluid motion, while tackling various novel problems in fluid statics
and dynamics. Originated the Latin word hydrodynamica, meaning fluid dynamic.

pv2+ps=p. (7.10)

/7Y

Fig. 7.7 Picking out of static pressure

vi22g + pi/pg = v /2g + palpg (7.11)

=

Fig. 7.8 Exchange between pressure head and velocity head:
1 — Total head

Vi A1 =V Az (712)

ViZ2+pilp + 2 =V 2+ palp + 2o+ ha = vi¥2 + pslp + 23+ hs (7.13)
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Fig. 7.9 Hydraulic grade line and energy line:
1 — Water tank 1; 2 - energy line; 3 - Hydraulic grade line; 4 - Water tank 2; 5 — Section 1

pi/pg + vi?2g + z, = palpg + vi(2g + 7,

Figure 7.10 Venturi tube:
1 — In the case of water; 1 — In the case of air

Figure 7.11 Giovanni Battista Venturi (1746-1822)

Italian physicist. After experiencing life as a priest, teacher and auditor, finally became a
professor of experimental physio. Studied the effects of eddies and the flow rates at various
forms of mouthpieces fitted to an orifice, and clarified the basic principles of the Venturi
tube and the hydraulic jump in an open water channel.



VAR %)
(V2> = vi))2g = (p: - p)/pg
A\ VzAz/A1

1 \/ P~ P,

v, =22 (714

*J1-(a/A, ) I pg 1Y
2 1

(p1 - p2)/pg =H

A, —
=A :—\/2 H
Q=A,v, %1—(142/141)2 gt (7.15)

Q=CL72¢25fH716
V1-(A,/A,) (7.16)

Figure 7.12 Henry de Pitot (1695-1771)

Born in Aramon in France. Studied mathematics and physics in Paris. As a civil engineer,
undertook the drainage of marshy lands, construction of bridges and city water systems, and
flood countermeasures. His books cover structures, land survey, astronomy, mathematics,
sanitary equipment and theoretical ship steering in addition to hydraulics. The famous Pitot
tube was announced in 1732 as a device to measure flow velocity.



Fig. 7.13 Pitot's first experiment:
As expected, whenever the tube faces into a flow, water in tube goes up. From its height, the
flow velocity can be computed.

Fig. 7.14 Pitot tube
pa/pg + va/2g = pu/pg

VA: zng_pC (717)
\ p
o Ps~ P

VA: ) Bp C

va=v2gH
va,=C,v2gH



Fig. 7.15 Flow through a small hole (1)

pPA/PE + V2al2g + za = palpg + V7p/2g + 7

pa/pg + H=pa/pg + v’s/2g

(7.21) v,=vV2gH
a.=C;a(7.22)

v=C, vg=C, V(2gH) (7.23)

Q=C.aC, vs=C,C,VQ2gH) (7.24)

Q=CaV(QgH) (7.25)
v ="(2gH)

] dH _

o .______i________
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P

Fig. 7.12 Flow through a small hole (2)
dQ=Ca2gH dt=- dHA
- AdH
dt =
Cav2gH

b

__-A (dH
'!:dt_Ca\/Tg',[\/ﬁ

tz—tlzizAzg

A (/H,-JH)
dQ =Ca(2gH) dt=-dH A = -dH mr®



v=-dH/dt = [C a VQgH)]/mr> (7.27)
(7.28) H:( v )2r4
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Fig. 7.14 Egyptian water clock 3400 years old (London Science Museum)
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Fig. 7.16 Car does not stop immediately:
1 —small; 2 — large; 3 — Where t and t” are the respective times from collision to stopping



F = (Mvz - le)/t (731)

= F, + A p, cosa, = A;p, Cosx; = mip; COS Ty — 0, COS X, )

: (7.32)
= F, 4+ A;p sina, = Ap,sina; = m{y, ina; — v, sina,)

Fig. 7.17 Flow in a curved pipe

m = pQ = pAivi = pAsva = pQ
F,=m(v,cosa, ~v,cosa,|+A, p,cosa,~ A, p,cosa,

Fy:m(vlsmog—v2 sma2)+A1plsma1—A2p2 sina,

F=VF-F (134
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Fig. 7.18 Force of jet acting on a flat plate at rest
F =pQv sinb (7.35)

F, =F sin0 = pQv sin0 (7.36)

Fyy=Fcos0=pQvsinOcosO (7.37)
Qi=Q(1+cosB)/2 (7.38)
Q:=Q(-cosB)/2 (7.39)

F =pQ'(v - u) sin 6 = pQ (u -v)*/v sind (7.40)
=Mr’ v/r = Mrv (7.48)

torque (rotational couple) on this body is given by
Torque = change of angular momentum
= moment of inertia x angular acceleration (7.49)



Fig. 7.19 Ice skater
(a) Slow spin(b) Quick spin

T + Asparacoso, — Ajpiricosoy = m(rz vocosol, — 11vicosar) (7.50)

Fig. 7.20 Flow in curved tube supported so as to turn around shaft 0

Control questions

1. What is the essence of both the law of conservation of mass and continuity equation?

2. What is the essence of the law of conservation of energy?

3. What is the line of free surface and the line of total flow energy?

4. What idea is embedded in the Pitot tube and how is it used to determine the flow velocity?
5. What are the applications of the Bernoulli equation?

6. What is the essence of the law of conservation of motion?

7. What is the essence of conservation of angular momentum?
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Lecture 8 Two-dimensional flow
bs _ds _
ot dt

Fig. 8.1 An infinitesimal control volume in a typical two-dimensional flow field
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Fig. 8.2 Particle move in a Cartesian coordinate system
(89)" = (3x)” + (8y)’
q2:u2 12
(8s)* = (8r)*+ (180)*
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Fig. 8.3 Particle move in a polar coordinate system

q2 — q2n + q2t
B =tan" q/qn
¥ r v-l-ifﬁx-lriiﬁy

| u'+-if$r+-g-:-ay

"rt Gix+bx r+ By
"
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Fig. 8.4 Move of fluid particle in a two-dimensional flow

u +du=1u+ ou/ox 6x + du/dy dy and v + dv = v + Ov/0y dy
d(u+du)/dt = du/ot + du/ox dx/dt + ou/dy dy/dt



= 0u/0t + u ou/ox + v ou/dy
d(v+ov)/dt =u ov/ox + v ov/dy

p + 0p =p + Op/0x 6x + Op/dy By
(pu—0(pu)/ ox dx/2) dy x 1 (8.1)
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Fig. 8.5 Rectangular space of volume 6x x dy x 1 at the point P (x, y) where the velocity
components are u and v and the density is p

(pu+ d(pu)/ 0x 6x/2) dy x 1 (8.2)

—0(pu)/ 0x 6x dy

—0(pv)/ Oy 6x dy

—(0(pv)/ 8y + d(pv)/ dy) dx 3y (8.3)

d(p x volume) / ot

op/ot dx dy x 1 (8.4)

op/ot +o(pu)/ ox + d(pv)/ dy =0

Op/ot + udp/ox + vop/dy + p (Ou/dx + ov/dy) =0 (8.5)
ou/ox + ov/oy =0 (8.6)

ou/0x =- 0v/oy

Op/ot +udp/ox + vop/dy + wop/oz + p (Ou/0x + Ov/0y + ow/0z) = 0
ou/ox + ov/oy + ow/oz

(pgn — O(pQqn)/Or 01/2)(r — 61/2) 80 - (pgn + O(pqn)/Or S1/2)(r + 61/2) 56
= - pQn 0180 - A(pgn)/Or 1 5160

Fig. 8.6 Rectangular element at P (r, 0) in a system of polar coordinates
(pq: — A(pq1)/00 86/2) ér - (pq: + 0(pq:)/06 56/2) dr = - A(pq;)/06 &1d0



= -(pqu/r + 0(pqn)/or + 1/r 6(pq,)/00) 8160  (8.7)
= 0(prérdB)/ot  (8.8)

pPQw/t + Op/ot + d(pqn)/or + 1/t 6(pq,)/00 =0

o(p r qu)/or + 0(pqy)/o0 =0

qw/0r + 0qu/or + 1/r 6q/06 =0
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Fig. 8.8 A pair of coordinate axes set in a two-dimensional air stream
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Fig. 8.9 Sign convention for stream functions
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Fig. 8.10 The streamline



Oy = udy - vox

Fig. 8.11a Velocity components in terms of y. in Cartesian coordinates
Sy = Oy/0x 8x + Oy/Oy By

u = oy/dy

v = -0y/0X

8y = -qidr + gn(r+ 8r) 86 = -qdr + qn 186 + g, 51 56

Sy = -qdr + gar 60 (8.9)
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Fig. 8.11b Velocity components in terms of y in polar coordinates
Sy = Oy/or 8r + oy/06 86 (8.10)

q:= - Oy/or (8.10a)
qn = 1/r 0y/00 (8.10b)

g= Oy/on
v
\ T 7o

Fig. 8.12 Velocity q in any direction
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Fig. 8.13 A square infinitesimal control volume
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0 + Q + 0 (8.11)

(1ii (iv) (v
0 S\_0pV _[0pu 0dpv
at(p><volume><v)——at 6X6y><1—(—at e )8x6y><1

My X Vy—m X v +m, xv,—m,xv, (8.12)
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Fig. 8.14 Rectangular space of 6x x 3y

p(u+a—us—x)6yx 1(u+a—u%)—p(u—a—U6—X)8yXl(u—g(si)

ox 2 ox 2 ox 2 ox 2
ov dy Oudy|_ [ _0vdy _Oudy
p(V+6y 2 )6XX1(U+5,V 2) p(v dy 2 )6XX1(U dy 2



[au ov

Ou  du 0x 6y

p u6x+V6y . Ox8yx1 (8.13a)
0 Eqn(2.46)

p(ug—u+vg—)éx8y><l (8.13b)

pSx8y x 1% G=(pg,.pg,|6x8y x1 (8.14)

(p_a_PG_X)(gyxl (p+a—p6—x)8yx1: _aaxpéxéyxl (8.15a)
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Fig. 8.15 Pressure forces acting on the infinitesimal control volume
_ap
&x8y x 1 ,
3y x0y (8.15b)
oo, 00
~+—L16x8yx1 (8.16
(ax ay) x6yx1 (8.16a)
oo, 00
—L+ 2 186x8yx1 (8.16b)
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Fig. 8.16 x-component of forces due to viscous stress acting on infinitesimal control volume
ou ou ou ap aaxx ao‘xy
—+u—+ ——+—+— 8.17
(at Yax Vay) PEx" 9 ax (8.172)
ov 6v+V6_v —g 0P,
Y ay 6

8
( 99 2 (8.17b)
(6u+ 8u+V6u au): g - op . 6 do,

—= =+ y+ao’“818
ax ax oy az(' 2)

ov, ov,  ov,  ov) _ _dp, 99, 00, 0o,
\4 w ) Pg, ay ax =+ 3y + e (8.18b)




+ +
0z 0x Oy

ow, Ow ow  dw\_ . _dp 00x 00, 00,
p(at +“ax+"ay+waz) PE. v, &189)

op
—tu—+v—|=pg — =&
u . % y) pg, Iy (8.19a)

ov,  Odv__ovl_ _ _0p
at+“ax+vay) P8, 3y (8.19b)

Control questions

1. Describe the velocity and acceleration of two-dimensional flow in Cartesian and polar

coordinates.
2. Describe the equation of continuity or conservation of mass for the case of two-

dimensional flow.
3. Describe the equation of continuity in polar coordinates for the case of two-dimensional

flow.
4. Describe the stream function and streamline for the case of two-dimensional flow.

5. Describe velocity components in terms of y in Cartesian and polar coordinates.
6. Describe the momentum equation for the case of two-dimensional flow.
7. Describe the Euler equations for the case of two-dimensional flow.
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Lecture 9. The Navier-Stokes equations

Fig. 9.1 Transformation of a fluid element as it moves through the flow field:

1 — start; 2 — end; 3 — rotation; 4 — shear;
a) translation; b) dilation; c) distortion; d) distortion
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4 N
Ay C
}.__-%_H._.%_.{
Fig. 9.2 Shear strain of elemental control volume ABCD
_OQudx dudy . _ _0véx 0vly
A ox 2 oy 2" ox 2 0dy 2 ©.1a)
dubx  dudy 0vdx  0vidy
-y-— 4+ —— -G ———4— —
"s ox 2 dy 2°°° ox 2 6y2(91b)
Judx Jdudy ovéx 0vdy
=-11+— —— =-vVt+——  —
Ui X 2 oy 2 NeTVTx 2 oy 2 ©.1¢)

XU, 0ty o=V, Otete (9.2)



8% ox 2 0y 2 dx 2 0y 2 )[6x
R S A
%:%(GZB) (g_;& g—i&)ﬁ E(%+§—;) (9.4a)
wmilm i) oo
e N
deo _du dey _ov dew _ow  geap o

ot 0x 68t 0y’ 6t 0z
(‘?xx ny) (97)

e (3w dv du_ow v _du
Q_(E3H,Z)_(ay aZ’aZ aX,aX ay (9.9a,b,C)

Q=V xv (9.10)

29,99 194,
r or r 00

(9.11)

Fig. 9.3 state of pure translation
1 - Reference axes

Fig. 9.4
1 - Bundle of vortex tubes

av

_du

~dy

6‘[(9 3a)

5t (9.3b)
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I'= .[J n-QdA (912)

I= ff (A (9.13)

9¢, 0¢ .  0¢_
at Vax Vay 0

r=[[nQdA=[[ nV xqdA=¢ qtds (9.15)

Stress oc Strain (9.16)
Stress oc Rate of strain (9.17)

(9.14)

(o) (0 € y
R
GYX GYY yx SYY
& +é
7\( o ) 9.19)
0 Extéyy

30 +2u=0o0rA=2/3 p
W=+ 2/3u~0(9.20)

L au av ~0
Eat ey ax ay
U oy, OV du,0v
O, 2#6 Oy 2uayo =0, “(ay+8x) (9.21)

gap2i6_u+66u6v
Y 0x 0x\0x oy\dy 0x

55
—a—p+u(a—u au) T LY

“Pax Mooyt Max ——
(0,Eqn(9.24)
ou, ou, o\ _ap, (&u i
(at“‘ax”ay) & ax+“(ax2+ay) ©-232)
ov, 0v __0v op v 0°v
SHus—Hvo—|=pg, ~ = +p| ——+—5 | (9.23b
p(at 0x 0y) P83y “(aXZ ay)( )
ou 0v
oxta, ~0024
du ,0v , 0w
oxtaytas "0 029

ou, du_  Ou ou op ’u d’u du
TV —— W + + 9.26
p( u A% ) P8~ dx l‘l(a 2t ayz 62 ) ( )



ot 0x dy 0z oy ox’

2 2 2
p(a_v+u8_v+va_v+ av) pg,~ ap +u 6V+6Vz+a\; (9.26b)
oy 0z

2 2 2
p(a_w+ aw, ow, 6w) T Ll(aw JOw w

ot Vax Yoy "V az oz "\ax oy’
Du, D_3, 3,3, 8
P Dt WhereDt_at+ ax+Vay+waz ©-27)

X=x/L, Y=y/L, Z=z/L, and T=tU/L (9.28)

|1

Fig. 9.6 Air flowing at speed U., towards a body

U =u/Us,, V=v/U,, W =w/U.,, P=p/(pU%) (9.29)
oUu oV oW

axTavtaz "V O30
DU —6P 1 6 U+6U aU 9.31a)
DT 0X R aX aY GZ
DV —6P 1 av 6V GV

+ 9.31b
DT 3Y R\ax’ oy’ oz’ )( )

DW _-9dP_ 1 aw+aw ’w
DT Z 'R 0X* oY* 07°

Re = pU.L/u (9.32)
u &°u/oy* = 0 implying u = Ciy + C, (9.33)
u=Uryh=T/ny (9.34)

)(931)
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e
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Fig. 9.7 Couette flow

Control questions.

1. Describe the deformation of the liquid element in the flow field.

. Describe the shear strain rate and the strain rate.

. Derive the Navier-Stokes equation.
. Describe the properties of the Navier-Stokes equations.

~N N D BN

Recommended literature

. Describe vortex formation and vortex formation in polar coordinates.
. Describe the rotational and non-rotational flows, circulation.

. Describe the exact solutions of the Navier-Stokes equations - the Couette flow.
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Lecture 10. Potential flow

Fig. 10.1 General two-dimensional fluid flow
¢ = [or qcospds (10.1)

¥

[+] X

Fig. 10.2 Tangential flow component from O to P via A

a a a
o= f gcosfBds= f gcosfBds= f gcos[3ds,
(0)3 opP

OPP,

o x
Fig. 10.3 Flow along OP
¢ = udx + voy
3¢ = 0¢/0x x + OP/Oy dy
¢ +Bg

Glx+8x, y+5y)
Fla, ¥ TTL

=== Rls+Ea, )
v

u}/:

Fig. 10.4 Points on equipotentials in Cartesian coordinates




3¢ = quOr + qy(r + 0r)80 = guor + q1d0
8¢ = 0¢/0r St + /00 56

0
q":a_(f 10.3
_1ag| 109
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$, ¥

alr 8 8+28)
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1|.5 Tt
L
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Fig. 10.5 Points on equipotentials in polar coordinates
q = 0¢/0s
ou/ox + ov/oy =0 (i)
ov/ox +ou/oy =C (ii)
u=0y/0y Vv =0y/ox (iii)
u=0y/0x v =0y/dy (iv)

0y/ox0dy - *y/oxoy = 0

0°G/0x0y - 0°h/oxdy = 0

0°G/ox> - 8*p/0y” = 0 = O*ylox® - O y/oy* (10.4)
V? = &’lox’ + &*loy’

Fig. 10.6 Stream function y of a source
vy = flow across OQ + flow across QP

= velocity across OQ x OQ + velocity across QP x QP
=0+ m/2nr x 10

v =mb/2n



0 =m/2x tan™ y/x (10.5)
0<6<2m
- -(m/2n)6

¢= f qcosBds+_f qcosfds
0Q

fqndr+f qtrdB:f g, dr+0
oQ oP 0Q

( m
: —dar= 1 _ .
!2 “Ins(10.6)
gn = m /271r = 0¢/0r
0= f—zmdr——ln—(107)

¢ =m/dn In(x* +y*) (10.8)

¢=m/2x Inr - C
C=m/2x Inry
r=ererom (10.9)
el --- -
A T :
T
}’1'*’ 1 2

Fig. 10.7 Straight line vortex
1 - Straight line vortex; 2 - Cross-section showing a few of the associated streamlines

(=q/r+dq/dr=0, i.e. 1/rd/dr(rq)=0
rqi=C
I'= 5‘5 q-tds
I' =2nrq. = 2nC.
=dy/dr=1/2nr
y= j" 2—mdr

r

r
=—] —d
v v, 2T :

r " -r r
=—|—1 =—1In— .
v l nr] 2 ne (10.10)

Ty
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Fig. 10.8 Vortex located at the origin of a polar system of coordinates
gn =0, ¢ 1s a function of 6, and

qi= 1/r d¢/d6 =T/2nr

do=T/2n d6

¢ =17/2n 6 + constant

é=I/2n6 (10.11)

v =mb/2n (Eqn(10.5))

g { Pl ]

—_——

o Tix,0) x

Fig. 10.9 Flow streaming past the coordinate axes Ox, Oy at velocity U parallel to Ox
vy = flow across line OTP

= flow across line OT plus flow across line TP
=0+ U x length TP

=0+U,

y=U, (10.12)

y = constant = Uy

y = y/U = constant on streamlines

¢ = flow along contour OTP

= flow along OT + flow along TP

=Usto

¢ = Ui (10.13)

’ 4

Tix,0)
Fig. 10.10 Flow of constant velocity parallel to Oy axis
vy = flow across OT + flow across TP
:'Vx+0



v =-V,(10.14)

¢ = flow along OT + flow along TP
=0+Vy

¢ =V, (10.15)

ra

Fig. 10.11 Flow of constant velocity in any direction

vy = flow across OT (going right to left, therefore negative in sign)
+flow across TP

=-component of Q parallel to Oy times x

+component of Q parallel to Ox times y

v =-V,+ U, (10.16)

-Vx + Uy = constant

¢ = flow along OT + flow along TP

=Ux + Vy

¢ =Ux+ Vy (10.17)

Control questions

1. Describe the potential flow and velocity potential.

2. Describe the equipotential.

3. Describe the components of velocity on the basis of ¢.

4. Describe the Laplace equation.

5. Describe standard flows based on y and ¢.

6. Describe a linear (point) vortex and uniform flow.

7. Describe the flows of constant velocity parallel to the axis Oy, and constant velocity in any
direction.
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Lecture 11. Standard flows in terms of v and ¢

Fig. 11.1 Image systems

d =i
e ——
+ _-_'—J
s
m

Fig. 11.2 A source in a uniform horizontal stream
v =mb/2n -Uy, (11.1)

vy = m/2n tany/x -Uy (11.2)

¢ =m/2x Inr/r -Uy

o =m/2r In(x*/r% + y*/r%) -Uy

¢ = m/27 Int/ro —U, cosd

Y= m91/2n - m62/2n =m/2x (61 - 92)
y=m2rp (11.3)

Fig. 11.3 Source-sink pair

tanf; = y/(x — ¢), tan6, = y/(x + ¢)
tan(0; - 0,) = (tan0; - tan0,)/(1 + tan, tanB,) = [y/(x - ¢) - y/(x + ¢)]/[1 + y*/(x* - ¢?)]

B=0,-0,=tan" 2cy/(x* +y* - ¢?)

v =m/2xn tan” 2¢cy/(x* +y*-c?)  (11.4)
tan(2n/m y) = 2cy/(x* + y* - ¢?)

x* +y? - ¢* = 2cy/tan(2my/m)



2

x> +y*-2c cotuy/my)-c*=0

Fig. 11.4 Streamlines due to a source and sink pair

¢ =m/2x Inri/ro - m/2w Inra/ro = m/27 Inr/r>
= (x-¢) +y*=x*+y* +c-2xc
h=x+tc)l+y'=x*+y* +c*+2xc

¢ =m/4m In(x> + y> + ¢ - 2xc)/( x>+ ¥ + ¢ + 2xc)
™M = (x> + y? + 2 - 2xC)/( X2+ ¥ + €2+ 2x¢) = A

(x> +y* + 2+ 2xe)A=x>+y* + ¢ - 2xc
X+y +cHA-1)+2xe(A+1)=0
x> +y* +2xc[(A+ 1)/(A- D] +c*=0

y

x=-c[(A+ 1)/(L-1)], y=0

x = -c[e"™™ +1]/[ "™ - 1] = -c coth 2nd/m, y =0

A+ VA e2me/m
c ()\_1) _1_2C—)\—1_2C—e4”¢/m—1

= 2c¢ cosech 2nd/m

Fig. 11.5 Equipotential lines due to a source and sink pair
v = p/2mr sind - Uy (11.5)
vy = u2n y/(x* —y?) - Uy (11.6)
y(W2n(x* ~y*) - U) =0
y=0 or x> — y* = u/2nU
v = w/2mr sin6 - Ur sin6
v =sinO (W/2xnr - Ur) =0 for y =0

sin0 =0s0 0 =0 or n



Fig. 11.6 Streamlines due to a doublet in a uniform stream

& = - Ur cos® + p/2xr cosd
¢ = - Ucos0 (r + a’r)

v = w/27r sinb - Ur sin6
v = U sin® (u/2nrU - r)
vy = U sin0 (a’/r - 1) (11.6)

2
q.= la—L!I—Ucose
r oo r?
ou ) (11.7)
—t1einnl &
q[—W—UsmO r2+1)

(1) gn=UcosO[1-1]=0
(i1) ¢ = Usin® [1+ 1] = 2Usin®.
q =2Usin®
pot+%pUl=p+Ypq® =p+%p (2U sind)?
p-po= Y% pU[1 -4 sin’0]

]
G
| |
/fmnrlul

|

| A ™
) 20 nﬁi::aa mlaulla«?fmlclan:?m
g‘j-:?;_.-,¢| \X'LJ'_‘_H/ .?izl:ﬂx

=20 Y';/
30 i y
Fig. 11.7

v = w2xr sinb - Uy - I'/27 In(t/1o)
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vy = U, sin@(p/2nr’U - 1) - I'/2w In(r/ro)

vy = U, sinB(a’/r* - 1) - I'/2r In(r/a)

-0y a r
qt—T—UsmB(r +1 +2T[r
10y _ a
“W=T 50 Ucose( 1

=\q,+q
=0
q:=2U sinO + ['/2na (11.48)
qg=q:=2U sinb + ['2na
pot+pUl=p+Y%pqg=p+%p (2U sind+ I'/2na)’
p-po= " pU?*[I - (2 sinO+ I'/2rnUa)*] (11.8)
pr-po=" pU (1 —[2+BJ) =- % pU* (3 + 4B +B?) (11.9)
D - po=- Y pU? (3 + 4B +B%) (11.10)
pe - po= 8B (- %2 pU?) = -2/ra pUT

2
1= f _71 pU’a [ 1- ( 251n9+B2)] sin6d6
0

2
1:_71 pU%a [ [sin0(1- B2 - 4 Bsin0 - 4sin®0]de
0

Fig. 11.8 The pressure and velocity on the surface of unit length of a cylinder of radius a
2m

[ 4Bsin’0de=4Bn

0

1="% pU*a'Bn
1=pUT



Fig. 11.9 The flow pattern around a spinning cylinder
q=2Usin0+1/2x=0

0 = arc sin(-I'/2ral)

(p + op/or or/2) (r + 61/2) 86 - (p - Op/or or/2) (r + d1/2) 66 - p dr 36
op/orr érd6 (11.11)

=prdrd0 q*/r (11.12)

Fig. 11.10 Segmental element

op/or = pg*/r  (11.13)

oH/or = o(p + Y2 pq)/r = Op/or + pq: 6qi/or
oH/or = p q?/r + pq: 0q/0r = pq: (qi/r + 6q/0r)
oH/6r = pa, €

Fig. 11.11 Two examples of flow around bodies of revolution generated by (a) a point source
plus a linear distribution of source strength; and (b) two linear distributions of source
strength. The source distributions are denoted by broken lines
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Fig. 11.12 Flow over a slender body of revolution modelled by source distribution
1 - Sources
qr = 6(z1)/4nR? dz; (11.14)

! 1 r
qu{ qpsingdz, = H{ o(z,] [(z o +r2]3/2 dz,
1

| 1 -1,
L

2nr q- dz; = o(z1) dz, atr =1, providedr, - 0

Fig. 11.13 Element of the body

. dr,
q, =Usinf=U-—
— le
Sources

Oncomingflow

6(z) = U dS/dz (11.15)

g, = [ olz) dz, (11.16)

2_4—7_[ 0 (Z _Zl)Z

A
= = = >

L fc

& sing

Fig. 11.14 Flow at angle of yaw around a body of revolution as the superposition of two
flows
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Fig. 11.15 Cross-flow over slender body of revolution modelled as distribution of doublets:
1 - Doublet

Control questions

1. Describe the systems of imaging the contours of currents.

2. Describe the source in a homogeneous horizontal flow.

3. Give a description of the source-stock money.

4. Describe the equipotential lines of the source and drain pairs

5. Describe the flow around a circular cylinder defined by a dipole in a uniform horizontal
flow.

6. Describe the pressure distribution around the cylinder.

7. Give a description of a rotating cylinder in a homogeneous flow.

8. Give a description of the normal force on a rotating circular cylinder in a homogeneous
flow.

9. Give a description of the flow scheme around the rotating cylinder.

10. Give a description of the Bernoulli equation for the rotational flow.

11. Describe the flow around thin bodies.
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Lecture 12. Generation of lift

Fig. 12.1 Effect of circulation on the flow around an aerofoil at an angle of incidence
(a) No circulation; (b) Low circulation; (¢) High circulation; (d) Circulation such that Kutta
condition is satisfied

Vys Hy s Va0

Fig. 12.2 Practical aerofoils (a) and infinitely thin aerofoils (b)

a
¢~ 95=J qeosads (12.1)
AB

a

¢~ 5= [ (udx+vdy)

AB



I'=¢ qeosads v I'=¢ (udx+vdy]

o
[al

™ |

A

(b}

Fig. 12.3 (a) An open curve in a potential flow. (b) A closed curve in a circulatory flow; A
and B coincide

\z
|
)

Fig. 12.4 Uniform irrotational portion and a circulating portion
I'=dcatdc=0

AT = (v + 0y/0x 6x/2)dy - (u + du/dy 8y/2)dx - (v - Ov/0x 8x/2)dy + (u - du/dy dy/2)dx
AT" = (0V/0x - 0u/0y)dxdy

r =jf(%;%)dxd}: =

.
over the area round the cinguit

f[udx-l-udy}

T




0v/0x - ou/dy = C

I' = £ x 0x8y = C x area of element

A
rf = )
yd N\
A ol b |)
: ";‘*’ ]
k\.
"‘E._______.-FV
0 "
"+% !—;

T 2

[
[
Br Bir Br Br
S— P = =
Ta 2

Fig. 12.5 Circuit of integration

- . r
vorticity = lim ——————
area - 0 @reaof circuit

(12.3)
q=C/ny

Fig. 12.6 Two circuits in the flow around a point vortex
1 — vortex core
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ds =1,do
2m

r=[ Srdo=2nC (124)
o1

I' =2nqr

q=TI/2nr (12.5)

Q B
or= f gcosads :f qr,do
HC 0

q=T/2nr,

B
r —pI'
r= ~1)r,do=—E>
5 {27‘[1‘1( Jrydo 21

=0+ pr/2n+0 - Br/2n = 0 (12.6)

l=pVL
//’- R“\.\
/ ~ {
/ \
/ ,f\j\/
/ o
| If “\3 r /: :/! IIII"'.
. # A n
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l |
\ /
\ /
\ /
\\ J
\\ /
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KN"“‘-‘., fx./

Fig. 12.7 Lift on any aerofoil

1 — static pressure p

po=Y%pV:i=p+ Y p (V?*+ v+ 2Vvsing)
P =po - pVvsinO

-pr sin6 36

2n

l,=- f (po —pVvsind |rsinBdB=+pVvrn (12.7)

0



2n
ll.:+f pVvrcos’0do=pVvrn (12.8)
0

1=2pVvrr (12.9)

v=TI/2nr
1=pVI (12.10)
Z=C+CY

Fig. 12.8 Zhukovsky transformation, of the flow around a circular cylinder with circulation,
to that around an aerofoil generating lift
1 - { plane; 2 - z plane

’

-

Al
M=ZAT

Fig. 12.9 Vortex distribution on the camber line

u= Ucosa +u’. v= Usina +v*

Eags

Fig. 12.10 Typical cambered aerofoil

-usinf+vcosp= 0 at y=y, and y,

-(Ucosa+u’)dy/dx + U sina+v’= 0 at y=y, and y; (12.11)

yu and y; <<c¢; a, dy,/dx and dy/dx <<'1 Vulyi <<c; a, dy/dx 1 dy,/dx << 1

u'and v' << U,



v'=Udy/dx - Ua and v'=U dy,/dx - Ua (12.12)
Yu:yc+yt and Yu=Yc-Yt

d d
' U yc_Ua U yt
V= dx + dx
a m]
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Y=y
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y : reriiz)
u
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Fig. 12.11 Cambered thin aerofoil at incidence as superposition of a circulatory and non-
circulatory flow

1 - Cumbered plate at incidence (circulatory flow); 2 - Symmetric aerofoil at zero incidence
(non-circulatory flow)

r= [ kds (12.13)
0

Po . [ |

Py
=T

P

Fig. 12.12 Insert shows velocity and pressure above and below 8s
1 —leading edge; 2 — trailing edge

v’ =Udy/dx - Ua aty=0,0<x<1(12.14)

r= [ kdx (12.15)
0

1=pUT=pU [ kdx (12.16)
0



l=j pdeX:j pdx (12.17)
0

0
M=- [ pxdx=-pU [ kxdx (12.18)
0 0

pi + % p (Utu))* =po + ¥ pU?
p2+ % p (Utwy)? =po + Y2 pU?

p2-p1 =% pU2[2 (/U - w/U) + (w/U)* (u/U)?]
p=p2-p1=pU (w-w)(12.19)

kdx = +H(U + u)dx - (U + u2)dx = (u; - u2)dx (12.20)
k=0 at x=c (12.21)

1727 kéx/(x - X1)

_ 1 [kdx
v__
21y XX,

vk

[ —— —— - —— -

Fig. 12.13 Velocities at x; from 0: U + u,, resultant tangential to camber lines; v', induced by
chordwise variation in circulation; U, free stream velocity inclined at angle o to Ox
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Ul e —g|=L (kX (1500
dx 2m G X~ X,

Control questions

1. Give a description of Kutt's condition.

2. Describe the circulation and vortices.

3. Describe the circulation and lifting force (Kutt-Zhukovsky theorem).
4. Give a description of the development of profile theory.

5. Give a description of the general theory of fine profile
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Lecture 13. Aerofoils
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Fig. 13.1 Subdivision of lift contributions to total lift of cambered flapped aerofoil:
(a) Due to camber line shape; (b) Due to flap deflection; (c) Due to incidence change
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Fig. 13.2 Camber line made up of chord of aerofoil and flap chord
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Fig. 13.3 Aerodynamic moment about the hinge line
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a, = 2(m— ¢ +sind)

Fig. 13.4 Jet flap
CL = 4T[A0’E + 2T[(1 + 2B0 )OL

S

Fig. 13.6 Replacing the wing by the equivalent thin aerofoil
v’=Udy/dx—Uaaty=0,0<x<1 v’=UdyJ/dx - Uanpuy=0,0<x<1
becomes cTae
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Fig. 13.7 Insert shows velocity and pressure above and below ds
1 —leading edge; 2 — trailing edge
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Fig. 13.8 Distribution of sources, and sinks
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Control questions

1. What is the distribution of contributions to total lift of cambered flapped aerofoil?

2. What is the distribution of chordwise circulation due to flap deflection?

3. Describe the aerodynamic moment about the hinge line.

4. What is the assessment of all parameters of flapped aerofoil gives the thin aerofoil theory?
5. How does a jet flap contribute to lift?

6. How to determine the lift coefficient of a pitching rectangular wing and pitching-moment
coefficient about the leading edge?

7. How is the non-dimensional normal force derivative due to pitching z, and the non-



dimensional pitching moment derivative due to pitching m, determined?.
8. How is the thickness problem solved for the thin-aerofoil theory?
9. How to solve the thickness problem for thin aerofoils?
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Lecture 14. The vortex systems

="

Fig. 14.1 Streamlines of the flow around an aerofoil with zero circulation, stagnation point
on the rear upper surface
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Fig. 14.2 Streamlines of the flow around an aerofoil with full circulation, stagnation point at
the trailing edge. The initial eddy is left way behind

Fig. 14.3 The horseshoe vortex



Fig. 14.5 The vorticity of a section of vortex tube
r=¢s

Fig. 14.6

1 —section A; 2 — section B

Fig. 14.7
1 — vortex tube strength I'; 2 - Spherical boundary surrounding ‘free’ end at point P



I’ = 2nRsin Ov (14.1)

Fig. 14.8
I’ =2nrv (14.2)

I” = (surface area of cap)/( surface area of
sphere) I'

= [27R*(1-c0s0)]/4nR* T =T/2 (1-cos0) (14.3)
v =T/4nr (1-cos®) (14.4)
v =-I'/4nr (1-cosH;) (14.5)

Fig. 14.9

v-vi =I'/4nr [1-cos0 - (1-cosB,)] = I'/4nr (cosO,-cosO)
cosB; — cos(0 - 80) = cosO + sin 6 36

V-Vi = 0V

dv =T'/4nr sin 6 560

Sv =TI'/4nR?* sin 0 s (14.7)

Sv=T/4nr* sin 0 8s (14.8)



Fig. 14.10

da=-(n/2-a) todg=+(n/2-P)

sin 0 = cos ¢, r* = h* sec? ¢
ds = d(h tan ¢) = h sec* ¢ d¢

34
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Fig. 14.11



Fig. 14.12 Motion of an element outside a vortex core
(p+8p)(1+5r) 80-prad- 2(p+1/25p) &t 1/2 56
mass (velocity)*/radius =

= prdr 80 q*/r = pq* &r 50

r 8p = pq’ or since 80 = 0 (14.13)

p+ % pq’ = (p+3p)+ %2 p (q+8q)°

dp +pqoq=0

dp =-pqdq (14.14)

pq’dr+pqrdq="0

qor+rdq=0

d(qr)=0

gr = constant (14.15)

N

Fig. 14.13 Velocity distribution in a real vortex with a core
1 — velocity q; 2 —radius 1; 3 - The core



Fig. 14.14
1 - Total lift pV; (a) Normal loading (b) Equivalent simplified loading

s'/s — (total 1ift)/2sp VT (14.16)
L = pV3s2nA,

[0 =4sVZA, sin n /2
s'/s = (pV?s22nA)/(2p V*4s* A, sinn n/2) = n/4 AJ/(A + As + As + A ..)

s/s” = 4/m (1 - Ay/A, + A/A, + AdJA, ...)  (14.17)

A3 = A5 - A7 = O
s'=(n/4)s (14.18)

Control questions

. What is the practical application of the Lanchester-Prandtl theory in the design of aircraft?
. What is the theoretical model that Lanchester proposed to replace the wing?

. What are the three main parts of the vortex system equivalent to the generated lift?

. What is it the initial vortex?

. What is it the final vortex system?

. What is it a horseshoe vortex?

. What is it a connected vortex system?

. What is the essence of the four fundamental theorems of vortex motion in the inviscid
Helmbholtz flow?

9. Describe the law of Bio-Savar?

10. What are the special cases of the law of Bio-Savar?
11. How is the change in velocity in the vortex flow?
12. Give a description of a simplified horseshoe vortex?

01N N W
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Lecture 15. Flow field modelling with vortex elements
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Fig. 15.1 Sheet of vortex filaments
AT =kds (15.1)

AT = (0, —uy) 6s (15.2)
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Fig. 15.2 Modelling the displacement effect by a distribution of sources



dx

Fig. 15.3 The relation between spanwise load variation and trailing vortex strength

1 — curve defining the spanwise variant in strength of the combined bound vortex filaments;
2 - forward velocity V; 3 — aerofoil with hypothetical spanwise bound vortex filaments; 4 —
trailing vortex filaments

o' =df(z)/dz 6z (15.25)
l=pVI
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Fig. 15.4 wing shapes for which vortex-sheet model is not suitable
(a) Delta wing; (b) Swept - back wing
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Fig. 15.5 Modelling the lifting effect by a distribution of horseshoe vortex elements:
1 — vortex strength, kdx,
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Fig. 15.6 Equivalence between distributions of (a) horseshoe and (b) L-shaped vortices
1 — strength kox;; 2 — strength (k + 0k/0z, 8z1)dx,; 3 — partial cancellation; 4 — strength
kdx; 5 — strength 0k/0z, 8z,6%,
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Fig. 15.7 Geometric notation for L-shaped vortex element

6Vi(X1’Z1):(SVi)AB+(8Vi)BC
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vi(z,)=w 14ifd—r b (1532)

clz)+x

rlz)= [ k(xz)dx (15.33)

Fig. 15.8 Prandtl's lifting line (1) model
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Fig. 15.9 Variation in magnitude of downwash in front of and behind wing
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Fig. 15.10 The influence of downwash on wing velocities and forces: w = downwash; V =
forward speed of wing; Vr = resultant oncoming flow at wing; a = incidence; € = downwash
angle = w/V; a.. = (a - €) = equivalent two-dimensional incidence; L., = two-dimensional lift;
L = wing lift; D, = trailing vortex drag; 1 — chord line

l=pVIL



L= [ pVIdz (15.34)
d,=pwl' (15.35)

D,= | pwTdz (15.36)

{=pbT d,=pwl

L
5 2
4".=fpl—’rr:lz ﬂ,..’-/pwrdf
-5 -

Fig. 15.11 Circulation superimposed on forward wind velocity and downwash to give lift and
vortex drag (induced drag) respectively

Control questions

. Describe the vortex veil and its use to model the lift of the wing.

. Give a description of modeling the impact of substitution by source distribution.
. Give a description of the model of the lifting force of the vortex veil.

. Describe the relationship between the transverse load and the final vortex.

. Give a description of the model of the Prandtl lifting line.

. Give a description of the downstream slope and the resistance of the final vortex.
. Give a description of the induced velocity.
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Lecture 16. Finite wing theory
VAN .!;_\)

P )

.

Fig. 16.1 Typical spanwise distributions of lift:
a) Isolated wing in steady symmetric flight; b) Lift distribution modified by fuselage effect;
c) Lift distribution in antisymmetric flight; d) Antisymmetric flight with ailerons in operation
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Fig. 16.2 Loading make-up by selected sine series
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Fig. 16.3 (a) Elliptic distribution gives constant downwash and minimum drag. (b) Non-
elliptic distribution gives varying downwash. (c) Equivalent variation for comparison
purposes
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Fig. 16.4 Lift-versus-incidence curve for an aerofoil section of a certain profile, working
two-dimensionally and working in a flow regime influenced by end effects, i.e. working at
some point along the span of a finite lifting wing

1 — no lift incidence; 2 — section lift coefficient; 3 — two dimentional lift scope a..; 4 - three
dimentional lift scope a; 5 - incidence; 6 — no lift wing direction; 7 — chord line; 8 —
equivalent two dimentional wind V.; 9 — apparent wind V
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Fig. 16.5 Three different wing planforms with the same elliptic chord distribution
= CL V/ 2¢C
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Fig. 16.6 Streamline over a sheared wing of infinite span
1 — Streamline; 2 — minimum-pressure line
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Fig. 16.7 Vortex sheet model for a swept wing 1 — flow
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Fig. 16.8 A comparison between the pressure distributions over straight and swept-back
wings

Control questions

. Describe the typical distributions of spanwise lift.

. Describe the load by the selected sinusoids.

. Give the description of aerodynamic characteristics at the general symmetrical loading.
. Describe the condition of minimum inductive drag.

. Describe the definition of load distribution on given wing.

. Give a description of the general theory of wings with great span.

. Describe the load distribution for minimum drag.

. Describe the aerodynamics of deflected wings of infinite span.n

. Describe the aerodynamics of the swept-back wings of the final span.
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Lecture 17. Compressible flow

pl/p1T1
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=po/p2 T2, pi/p'1i = p2/p™

(p2/p1) " = (pofp1)

d(puA)/dx =0 (17.1)
d(pu’A)/dx A dp/dx=0 (17.2)
d(c, T +u?/2)/dx =0
d(p/pT)/dx =0 (17.3)

dp/p +du/u + dA/A =0 (17.4)
dp/p - dp/p - dT/T =0 (17.5)
puAdu+Adp=0
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Fig. 17.1 One-dimensional isentropic expansive flow
1 — reservoir or stagnation condition p, po etc; 2 — from compressor; 3 - subsonic flow; 4 —
throat or sonic condition p*, p" etc; 5 - supersonic flow; 6 — to vacuum pump
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Fig. 17.2 Typical set of curves for the passage of small pressure impulses

1 — displacement; 2 — velocity; 3 — pressure; 4 - Direction of wave propagation; 5 - Values
for successive particles in direction of wave motion; 6 — at constant t; 7 — at constant t + 5t

u op/ox + p ou/ox =0

- ———

Fig. 17.3 The pressure pulse passes the stream tube
(a) Stationary wave; (b) Moving wave

u ou/ox = - 1/p op/ox

u 0u/0x =u ou/ox = op/op
a=(dp/op) = (yp/p)
pi/piTy = po/p. T2

m’ = piu = paly

»»»»»

Fig. 17.4 The flow model in which a shock advances
1 - Stationary shock

pi + piu = p2 + paus’
Cp T1 + 1112/2 =Cp Tz + 1,122/2 =Cp T()
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Fig. 17.5 The wave pattern associated with a point source P of weak pressure disturbances
a) Stationary source P

B represents position of wave front t sec after emission
PB =at

HB All fluid is eventually disturbed

b) Source moving at subsonic velocity u<a

B=position of wave front t sec after emissim from A
AB= at

PA displacement of P in t sec

PA=at

HB All fluid is eventually disturbed

¢) Source moving at supersonic speed u > a

B=position of wave front t sec after emission from A

AB= at

PA=displacement of P in t sec

PA=ut

HB Disturbed fluid confined within Mach wedge (or cone)

d) P, is in the 'forward image' of the Mach wedge (or cone) of P and consequently P is
within the Mach wedge of P, (dashed)
P, is outside and cannot affect P with its Mach wedge (full line)

| = arc sin at/ut = arc sin 1/M

/

4

2.
A

M= p M >

AN

Fig. 17.6 The Mach wave emanating from a disturbance



Fig. 17.7 Flow development on two-dimen- Puc. 17.7 Po3BuTok Teuii Ha JBOMIpHOMY

sional aerofoil as M., increases beyond Mcy; ipodisti ipu 30UTbIIEeHHT Me 32 MEXKI Mric; Mric
M = 0.58 =0,58
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Fig.17.8 Pressure distribution on two-di- Puc.17.8 Po3noxmin THCKy Ha JIBOMIpHOMY

mensional aerofoil (M = 0.57) as Mx in- mpodimi (Mg = 0,57) mpu 30imbmienHi Mo
creases through M. gepe3 M.

1 — Local Mach number = 1 1 — micuese yncio Maxa = 1
Comin = (Pmin = Pee) / (V2P Vo) (17.7)

Comin = [Pmin / P - 112/ (y M)

Coerit = [p* / P=o - 112/ (Y Mui®)  (17.8)



Fig. 17.9 (a) 'Incompressible' flow. (b) Puc. 17.9 Teuis (a) "Hectucnusa", (b) Ctucnu-
Compressible subscritical flow. (c¢) Critical Ba nokputuyHa, (¢) Kpurnuna
flow
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Fig. 17.10 A typical wing with a supersonic Puc. 17.10 TunoBe kpuio i3 HaJ3BYKOBOIO

leading edge MepeIHbOI0 Kpaiikoro
1 - Mach cone; 2 — Two-dimensional flow; 1 — konyc Maxa; 2 — nBomipHa Tedist; 3 -
3 - Tip effects Edexrtu 3akiHmiBok

Fig. 17.11 A wing with a subsonic leading Puc. 17.11 Kpuno 3 103ByKOBOIO MEPEIHBOIO
edge KpalKor0



1 - Mach cone

1 — xonyc Maxa

Fig. 17.12 A shock cone generated with Puc. 17.12 VY mapuuii KOHyC T€HEpOBaHHI KPH-
wings having finite thickness and incidence mamu 3 KiHIIEBOIO TOBIIMHOIO 1 KyTOM aTaK{

1 — successive chock waves
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